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Optimum Equipment Maintenance/Replacement Policy
Part 1: Dynamic Programming Approach
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This is the first part of a two-part article on the optimization of equipment mainte-
nance andfor replacement policy. Over a given life-span of equipment, optimum policy is
determined based on present costs, inflation rates, operating characteristics, future
equipment developments, and other factors. A computer program utilizing the dynamic
programming technique together with a numerical example is included.

Part II will present an optimum policy determined by a stochastic model such as the
Markovian decision processes. In such a model, a long-term expected returnfcost is
optimized including the probability of equipment breakdown as functions of some

performance criteria.

l. Introduction

One of the basic tasks of operating and maintenance engi-
neering is the replacement of old machinery and obsolete tools
by new and modern ones. As equipment deteriorates with use,
or degrades relative to the performance of newer models or
improvements in design, there comes a time for operation and
maintenance engineers to make decisions regarding replace-
ment or maintenance. When the outlay for new equipment is
made, the financial loss due to the stoppage of operation and
the cost of teaching new skills should be compensated for in
the trade-off studies by an increase in productivity and a
decrease in maintenance and operating costs.

The optimal repair and/or replacement policies under vari- .

ous assumptions concerning present costs, discount rates, oper-
ating characteristics, and future equipment developments are
essential to the successful operation of a facility. Since deci-
sions of this type must be made periodically, depending upon
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the fundamental time period and the type of process in consid-
eration, it is clear that this maintenance policy is a multistage
decision process of the dynamic programming type.

Dynamic programming (or dynamic optimization) is a
mathematical technique often used for making a sequence of
interrelated decisions (Refs. 1 and 2), provides a systematic
procedure for determining the combination of decisions that
optimizes the overall effectiveness measure. It is a general
approach to many dynamic problems, but the particular equa-
tions used must be developed to fit each individual p\roblem.

Il. Computational Algorithm

The optimal equipment-replacement policies and the deci-
sion process using dynamic programming may be described as
follows:




It is assumed that a machine or a piece of equipment
requires a certain initial capital, generates a certain revenue,
requires a certain amount of care, and can be replaced by a
new machine at any time. The revenue, the maintenance cost,
and the rebate on trade-in are all taken to depend on the age
of the machine in known fashions. With this information, a
best set of decisions, such as to KEEP, to OVERHAUL, or to
REPLACE, need to be determined in order to optimize the
total profit/cost over a given number of years. Thus, the
objective is to optimize the total profit/cost, ¥,

Y =

M-

-

Fi) forj=1,2,---,n )
i

with respect to decisions, D,., where D]- can be “Keep”, “Over-
haul”, or “Replace” forj=1, 2, - -, n years. The function
Fj(i) is defined as the value at year j of the overall profit/cost
from a machine that is (/) years old, where an optimal policy is
employed for the remainder of process operation left.

It is assumed that the process lasts # years, and then stops.
Hence,

F,a,@®=0 , @

By the principle of optimality, the overall profit/cost of the
jth time period with a given decision can be obtained by

Fli) = OPT {Ff (), F{ @), F{ ()} 3)

Optimum function F’(i) can be determined by:
I

Keep: F;((i) RG+1)-UG+D+F,_ (+1) (4

Overhaul: Fi(z') R].(k +1)- Ui(k +1)- Oj(i +1)

+F_(k+1) ()

R (1)- U,(1)-Cli+ D+F (1)
©

Replace: F ].R @)

where (7) is the age of the equipment at the end of the
previous operation period, (k) is the equivalent age of the
equipment after the overhaul, and (f) is the current operation
period. The revenue R, operating/maintenance U, overhaul O,
and replacement C, cost information may be tabulated or
represented by analytical expressions.

Ill. Numerical Example

Suppose a piece of equipment (¢) years old with no salvage
or resale value has the annual income R in thousands of
dollars; R, after all running expenses have been met, is given

by
25-12 for0<tr<4
R(@®) = ' @)

0 fort >4

Let the cost of replacement C be $21,000, and the equipment
life be 5 operating years; then the optimal future equipment
replacement policy must be determined if the present equip-
ment is 2-years old and if a decision must be made annually on
the basis of a maximum total 5-year profit.

The annual profit P]-(z') will be, then, the difference between
income and costs

25~ fori<4
P() = (3)
0 fori>4

if we keep the unit. If we replace it, the age of the equipment
is =0, and

P(0) = 25- 0)Y?-21 =14 )

where the additional charge is the cost of replacement. Since
the unit has no resale value, the net profit from a new unit is
independent of the age of the unit being replaced, and we may
write P].(O) =4 as the first-year profit.

We must now find the best set of decisions, KEEP (K),
OVERHAUL (0), or REPLACE (R) to maximize the profit
from the 5-year process life. Thus we wish to maximize

.
Y=, P i)

=1

(10)

with respect to D;, where D; can take the value K;orR; forj=
1,2,3,4,5.

By a direct approach we could write all possible decision
considerations and find the optimum policy. Thus, as in
Table 1, one arbitrary combination K-R-K-K-R gives a total
profit of $74,000.

This direct approach requires 2" evaluations, or (2)5 = 32

for the example, all of which need to be compared with each
other to determine the largest for the 5-year period.
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Since the problem is a multistage process, it can be carried
out more simply by dynamic programming with a recursive
function:

F].'(i) = OPTK]" R, A 1)+F;*_1 G+1} (1D

For example, for a 3-year old item with 2 years to go, we
will have the form

P,(3)+f; (&) ifkeep
F,(3) = OPT 12)
P,(0)+£; (1) if replace

The numerical value of the two possibilities are:

16+ 9 = 25 ifkeep
F,(3) = (13)
4+24 = 28 if replace

It is therefore more profitable to replace this equipment in this
situation.

The complete solution using dynamic programming is given
in Appendix A. For the given numerical example, there are
two alternate policies: One policy is K-K-R-K-K;; the other is
K-R-K-K-K. Both policies result in a 5-year profit of $§86,000.

A comparison of the two policies show that more profit is
returned in the first 2 years of the S-year period with the first
optimal policy than the second, and this might be preferred if
the accuracy of the cost estimates might be questioned after
several years of eperation.

IV. Summary

A computer program utilizing the dynamic programming
techniques for optimal equipment replacement policy is writ-
ten in the BASIC language and is tested on a Hewlett-Packard
2647A graphics terminal. The computer program listing is
given in Appendix B.

The computer program is capable of performing optimal
repair and replacement policies over a given operating period
under various assumptions concerning present costs, discount
rates, operating characteristics, and future technology develop-
ment. It provides a tool for management to decide replace-
ment schedules and to know when and how much capital
outlay will be required.

Another optimization technique including the probability
of equipment break-down as a function of year, age, and other
factors will be presented in Part I at a later date.

Acknowledgment

The author would like to acknowledge Dr. F. L. Lansing who made a number of

helpful suggestions in the study preparation.

References

1. Bellman, R. E., Dreyfus, S. E., Applied Dynamic Programming, Princeton University

Press, Princeton, N.J., 1962,

2. Beveridge, G.S.G., Schechter, R. S., Optimization: Theory and Practice, McGraw-Hill

Book Company, 1970.

238




Table 1. Direct solution.of numerical example

Age at end of Age at start

previous period Policy of period Profit, $K
2 K 2 21
3 R 0 4
1 K 1 24
2 X 2 21
Total 74
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Appendix A
Numerical Example Printout

X K kK K K X K K ¥ INPUT INFORMATION X % X X X X% % X% X

OUTPUT OPTION 0
MACHINE STARTSE AT AGE &
AGE RETURN-RACK AFTER QUVERHAUL. &
NUMBER OF TIME PERIODS b
DISCOUNT PERCENTAGE 0
MAXTHIZATION FLAG i
TARULATED COST/RETURN INPUT FL.AG 0

K K K K K K K K K X X K X X X X % X XK X X X X X X X X X X

e e e s anah 2 sae e dntt a0 sun o atrs e sasa ovar 0 L r [': \( i AFS 410 G618 SHEP Cuke SUED 131D ORBS DUD FORD LD 4P SRR BRRS SERA BEOD 1400 B4s8 0000 Sean
PERIOD EQUIP AGE DECTSTON VAL.UE

& KEEP 214
3 KEERP ié
4 REPLACE 4

i 24
i 21

UrD SUEh Kais bee S48 Bass S40F 0K Snee AEte Shee Bae boss deet Suse Fide PR et ISY S0e4 SIVE AED SUAD $060 TEIE CHIS Bhes aere sess SID BLEL beb MEE SNID $ORO Lase base THAS LK1 E4TD ORS ore ¥

Ppy o

-
EE

LHES]

S 3

153
“

o vose waer

TOTAL COST/PROFIT OQUER % PERIODS 86

B 12 i | TR [ Y ;) 4ntn 9480 nes Bena H4RD HAER Vo ook 44D WAIE F4be o0 St ante 44O SHen SITE buse shin S000
PERIOD EQUIP AGE DECISTON VAL UE

i 2 KEEP a4
& 3 REPL.ACE 4

3 1 KEEP 24
4 & KEEP 214
5 3 KEE P 16

- s srne

TOTAL COST/PROFIT OVER % PERICODS 86
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Appendix B
Computer Program Listing

L0 REM . e REM
% REM. . ... .. e REM
A0 REM. .. ..... .. EQUIPMENT REPLACEMENT o ... REM
2% REM....... ... BY DYNAMIC PROGRAMING APPROACH c e REM
IO REM. .. ... o0 REM
5 REM. .. ... ... T. GCHARNG i OCTORER 1%814 e e RIEM
A0 REM. .. ... L REM
B REM . e REM
S0 DIM RCA0,40),UCa0,405,0040,400,0040,40)0,D¢40,40,3),0p 140,400

B DIM Tie(i0,40), o0y, PCL0),FC3)

60 REM

6% INTEGER Age,Paeriod,D,Tie,Rack,dlter,P

Q0 REM. . ... ... ASSITEN PRINTOUT FILE "OUTPUT". . ... . ..., ... .REM
7% Kowmé ‘

80 ASSIGN "QUTPUT" TO #Ko

89 REM

L0 REM . REM
0% REM. ... .. ... .. ... INPUT SECTION. ... CREM
140 READ Iprint PO PRINTOUT OPTION

115 READ Age FooAGE OF THE MACHINE T0O BEGIN WITH

180 READ Nu EAGE OF THE MAGCHINE AFTER OVERMALL,

2% READ Period bONUMRBER OF THE TIME PERIOGDS

130 READ Disc b DISCOUNT PERCENTAGE

3% READ Maxi b MAXIMIZATION FL.AG

140 READ Itable P TARULATED COST/RETURN INPUYS

4% REM. ... ... ... .. ... PRINTOUT GENERAL TINFORMATION. . . ............REM
150 IF Ipeintd=0 THEN GOSUR %400

60 REM. ... ... ... TARBULATED COST/RETURN. ... ... ... ... . ... REM
6% IF ITtable>0 THEN GOSUR 1000

L0 REM . REM
179 PRINT iKo,LJN(”)

180 PRINT #Ko; "k X Kk X & & % X K % K X Xk K k X ¥ X ¥ X ¥ X XK X X ¥ % % %"
LS REM . e REM
190 IF Ttabled=0 THEN GOSUR 4000

L REM . L REM
200 Disc=4/(L+Disc/1400)

203 lerr=0

B0S REM . REM
240 FOR J=1i TO Period

24% Tlast=age+Period-J

220 FOR I=4 TO Ilawsr

28% Tie(l,J)=0

230 IF J<>i THEN 2610

ARG FOddsROE+4 0 ~UCL+4, 1)

240 F2)=R(Nu+i ,4)-U(Nu+d ,4)-0CT+4,48)

24% F(30=RO4,4)~UC4, )0 CT+1, 1)

250 GOTO 280

2%% REM

260 FCOL)=R(I+4,T)~-UCl+s , D) +0pe i+, T 2xDisC

A70 FO2)=R(Nu+i , ) ~U(Nu+d ,I0-0C0T+4 , D +0pt(Nutd , J-4)KkDiwe

27% FO3r=RO4, 1) -Ui, ) -Ci+4, N +0pt (4, -0 kDise

280 IF Iprint?i THEN GOSUR %400
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RE M . e e e R E
5 0pr L, Iy=Fo)

DO, T, 4)m4

5OFOR K=2 TO 3

IF Maxi >0 THEN 3%0

5OLF Optdl, I =FIK) THEN 360

Optdd, Jr=F )

5 FOR Le=1 TO K-4

DL, T ,0L)=0

5 NEXT L

DL, T, K)mK

BGOTO 37%

TF OpteCh, Ty sl (K THEN 360
GOTO 320
IF Opt(l, R KDY THEN 37%

;DL T, K=K

Tie(l,l=Tie(l,J)+1

S NEXT K

NEXT T

» PRINT #Kao

NEXT J

M . o e RIE

Al ters

5 IF Tprint>i THEN GOSUR %020

Back=0
Th=0
I ::::{},g @

y Ju=Period

REM

y Tl=1L+4

Yloc(IL)=]

YOIy =0pt (I, )

FOR Ke=f TO 3

IF DCL,T,K) (=0 THEN $3%
PCIY=DCL,T, KD

s IF DCL,T,K 04 THEN 49%

IF Tprint>t THEN PRINT #K o3 TARC20) 0,1, "KEEP",0pt (L,

L=l

GOTEH %60

p L DG, T LK 42 THEN B4%

IF Iprint>d THEN PRINT #Ko; TARC20) ;7,1 , "OVERHAUL" ,Opt (1,00

y T=Nuy

GOTO %60

pOTEF DL, T L,KICXE THEN $440

LF Tprint?i THEN PRINT Ko ; TARGR0) T, L, "REPLACE" ,0pt (I,
(=4
GOTO %60

y NEXT K

IF Tererd0d THEN 65000
lerr=1

2 Iprint=2
5 PRINT #Ko; TARCS) ; "$459459%544  SOMETHING T8 WRONG AT PERIODY ;T ;

PRINT Ko "AGE® ;T D5 T30, %05, " 5K ")=" DI, T,K)
PRINT #Ko;LINCL); "EXAMINE THE RESULTS CAREFULLYY
PRINT Ko

GOTO 220




B 0 R M. . o e e 1M
S6HS Ti=Ilec(ll)

S0 IF Tiedli, =0 THEN %%0

B7% Backs=4

580 Tiedli,N=Tie(li, )1

S8% DCIQ, Y, K =0

B0 JwmJ-d

Gou IF Jry=4 THEN 440

SO REM . . . e e e e e REM
HO0% GOSUER 5000

640 FOR J=Perdiocd TO 1 BTEP -4

64% Jp=Period~J+i

620 Ti=llocCtp)

625 Vp=uinn)

630 IF Jr4 THEN Vp=Up-U(J-1)

63% TF PAI) =1 THEN PRINT #Ko;TARC20) ;Tp, i, "KEEP",Vp

HAO TF POF)=2 THEN PRINT ®Ko; TARC20) ;0p, Ti, "OVERHAUL" ,Up

64% IF PCIY=3 THEN PRINT #Ko;TABC20)Y , Vp, Xi, "REPLACE" ,Vp

6HA7 NEXT J

é) \'.) l_') F) R l N T :i; K 0 3 '] A 1.:{ ( H u ) 3 BH oot 1ose seue sons eeve eses st onte sven 4100 s008 S148 4100 a4t S105 S ovp 4100 Sves uhe HebW 0500 9000 Se34 s w0t SIS AR 418 HERS ARRD FROG SREE 4000 TEES s Sume 018 S0 e bnd vt $2ve apry aroa drae |}
H6H0 PRINT #Ko;LINCL); TARCR0 ;" TOTAL COBT/PROFLY OVERY ;Perdod; "PERIGDSY ;
H6% PRINT #Ko; TARCL0) ;0pt{Age,Periad)

670 PRINT #Ko

BB REM . e REM
68% Alter=Alterti

H20 IF Back=1 THEN 44i%

HPS GOTO 6%000

1000 REM. ... ... .. ... .. .. SUR FOR TARULATED COST/RETURN INPUTS . ... ... REM
1040 FOR I=4 TO Period+?

L0820 FOR J=4 TO Period

030 READ RCE,T) I REVENLE

L040 NEXT J

10%0 NEXT I

1060 RIEEM

070 FOR I=4 TO Period+d

1080 FOR J=1{ TO Period

L1090 READ UCL,T) U OPERATION/MAINTENCE

1400 NEXT T

1440 NEXT I

11420 REM

£430 FOR I=1 TO Period+2

1440 FOR J=1 T0 Period

L4%0 READ CCIL, D) b REPLACRMENT

1460 NEXT J

L1470 NEXT 1

1480 REM

1490 FOR I=4 TO Period+d

1200 FOR J=4{ TO Period

1240 READ 0CT, 0 I QUERHAUL

1220 NEXT J

1230 NEXT T

1240 RETURN
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2000
2040
2020
20340
2040
20%0
2060
24070
2500
2440
2420
2130
2140
2450
I..1 ()0
2470
2&00
2240
l.«f...l..’u
2230
BPAU
J’N)O
2260
2270
2300
2340
2380
2330
23410
23%0
2360
2370
2400
2440
2420
2430
2440
24%0
2460
2470
3000
4000
4020
4030
4040
40%0
4060
4070
A080
4090
4100
4440
4420
4430
41,40
4450
4460
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REM. . ... .. oo L UTNPUT DATA BLOCK . .o o REM

DATA_ 0 FOPRINTOUT OPTION
DATA 2 VO AGE OF THE MACHINE TO BEGIN WITH
DATA 2 P AGE OF THE MACHINE AFTER OVERHALUL
DATA S ONUMBER OF THE TIME PERIODS
DATA 0 PO DISCOUNT PERCENTAGE
DATH 4 P MAXTMIZATION FLAG

]

DATA 0 TABULATED COST/RETURN INPUTS

REM. oo RLVINU[ MATRIX RCT,ID .o REM
DATA 1%5,1%0,140 535,40

DATA 140, 43%,12%, 4 30,115

DATA 12%,140,110,415,400

DATA 10%,405,440, 90, 9%

DATA $00,40%, 80, 90, 70

DATA 400, 70, 80, &%, 70

DATA 60, 70, 6%, 70, &0

REM. ..o MAINTENCE/OPERATION COST UCT,I) . ... .. .. ... REM
DATA %, B, 5, 40, 40

DATA 10, 10, 410, 40, 40

DATA 40, 40, 10, 1%, 20

DATA 10, 15, 4%, 20, 20

DATA 45, 20, 2%, 25, 2%

DATA 20, 2%, 26, 30, 30

DATA B0, 30, 30, 3%, 4%

REM. .o REPLACEMENT COST CCI,I) . REM
DATA 220,R20,220,240,210

DATA 22%,230,220,220,21%

DATA 240,230,230,220 ,280

DATQ'”40,J4H,REH,HEG,PSU

DATA 260,230,230, 255,255

DATA °35,335,hau,*60,n60

DATA 240,26%,26%, 265,270

REM. .o QUERHAUL. COST OCT, T . .o REM
DATA 5%, 5%, S%, 60, 60

DATA 60, &0, 60, 60, &0

DATA 60, 60, &0, 65, 70

DATA 60, &5, 6%, 70, 70

DATA 65, 70, 7%, 7%, 7%

DATA &0, &5, 6%, 80, 80

DATA 80, B0, 80, 8%, 9%

FUR J=i TQO Perioed
R4, Tr=an

c(i)J)"hi

UL, =0

0Ci, =40

FOR I=2 TO Period+AQe
ITmfml~4
RCL,I)=R{4,I)~ImikImi
IF Imid4 THEN RC(I,J)=0
CCL, =008,

0K, Ty=004,3)

UCL, N=Uda,n

NEXT I

NEXT T

RETURN




000
B002
SO004
5006
5008
5040
5020
woaz
GBOR4
LiRe
5028
Ba30
%400
G420
%430
5440
R RAY!]
5460
G470
%4180
5490
BE00
5320
G329
G330
5335
L340
5345
B350
B3NS
5360
BXHS
%400
B440
G449
La4a0
G425
5430
B43%5
G440
L44%
54%0
L4995
%460
G400
&5000
650410
65020
55030
&5 040
6H50%0
&5 060
65070
65080
65090
65400

R M . L o e e e e e e e e REM
PRINT #Ko ;L INCE)

P R | N"‘ -*K O 3 ‘ Ax{ ( :‘J 0 ) 5 ese onse srem (330 RIS oere 1EIE dter ered dnee HEAE AUSH SHT4 4000 duos P U' l(‘ Y " (‘ | tTar s ot L
PRINT WKO,IQB(’O),"PIR1UD" "INU]P ﬁ( """ " "DLLIHION" "UﬂlUt"

PRINT #K0 ;3 TARCR0) ;Moo 1 e mu’um Wwww.-)v -

RETURN

REM . © o o e REM
PRINT #Ko;LINC2)

PRINT #Ko; TAKRCR0) ; "o e o POLICY" ;AL Ter; o
PRINT WKO,IAB(.O),"PFRlOD" "PQUJP AGE", "DEFI TON®, "LUMUIthD UALUF"
PRINT #K0 3 TARCED) j Mo 0 W MMMMu)umwwuwmmw")nn e o e et s s s e e s v 10
RETURN

RN . o e e e e e e e REM
PRENT #KQ;TQB(S);"PERIUD%"-J,"IHUlP AGE =" 3

PRINT #Ko; TARCS) ; "KEEP=" ;RCL+4,J);"" U(lii l);

PRINT #Ko;"+";0pf(1+i,J~i);"*";Diﬁc;"M";F(i)

PRINT #Ko; TARCIZ) ; "RENU=" ;R ONu+E, T 5" 3 UCNy+§, 00 5 "= 00T+, 005
PRINT #Ko;"+";0pt (T4, T=0); k" Dise; "=";F ()

PRINT #Ko; TARC3E) 3 "REPL=" ;ROL, T 5 "= U4, T 5 0" 00T+, 0

PRINT #Ko;"+";0ptCd,T=4); "% Dise; =" FC3)

RETURN

0k T O A REM
PRENT #Ko;LINC20Y;TARS) ;" J *,» 1T " "D(I ] K)" "UPT(],J)" "TIE(I;J)“
l:) R |' N“ ;":K 0 3 rﬁl.‘ ( \:‘.)) 3 LU | s [ Q| » L IR 1 s H, O - 3 n., . . 1

PRINT $#Ko

FOR J=4 TO Period

FOR T=4 TO Period+ Agt-*

PRINT #Ko; TARCS) ; 0,1, D¢, T, 40000, 7,2 ;001,F,3),0pt (), 0, Tiedl,N
NEXT T

PRINT #Ko

NEXT J

RETURN

RE M . .t e et REM
FRINT #Ko;LINCE)

PRINT #Ko;"% % % % % % % % % INPUT INFORMATION % % X X % % X% % %"
PRINT #Ko; LINCER)

PRINT #Ko; TAEC20) ; "OUTPUT OPTION *iiprint

PRINT #Ko;TAB(”U),"MACHINE STARTS AT AGE "Age

PRINT #Ko;TARCR0) ; "AGE RETURN-BACK AFTER OVERMALL "Ny

PRINT #Ko; TARC20) ; "NUMBER OF TIME PERIODS "sPeriod

PRINT #Ko,TAB(”O)}"DIQCOUNT PERCENTAGE "iDisc

PRINT #Ko; TABC20) ; "MAXIMIZATION FLAG viMaxi

PRINT #Ko,fﬁﬂ(”ﬂ),"ThBUlATFD COST/ZRETURN INPUT FLAG ";Itable

RETURN

PRINT #Ko;LIN(S)
PRINT #Ko; TARCES) ;"% % % Xk % % X% X % X % % % % X % % % % % X X
PRINT #K0,1AR( IS S K
PRINT #Ko;TﬂH(”G),"* % END OF TASK ¥ %"
PRINT #Ko;TARRS); "k X K
PRINT #Ko; TAR(E b) "* X X
REM

COMMAND "M F H HP-IR#L"

REM

END

X ok kK Kk X X K X X k% X X kK X X K k ¥ X
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